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We show that Sn has at most n611+o(1) conjugacy classes of primitive maximal
subgroups. This improves an nc log
3 n bound given by Babai. We conclude that the
number of conjugacy classes of maximal subgroups of Sn is of the form ( 12+o(1))n.
It also follows that, for large n, Sn has less than n ! maximal subgroups. This con-
firms a special case of a conjecture of Wall. Improving a recent result from [MSh],
we also show that any finite almost simple group has at most n1711+o(1) maximal
subgroups of index n.  1996 Academic Press, Inc.
1. Introduction
The main purpose of this paper is to show that the symmetric group Sn
has very few maximal subgroups. It is clear that Sn has [n2] conjugacy
classes of intransitive maximal subgroups (of type Sk_Sn&k), and it
follows from our main result that the number of conjugacy classes of trans-
itive maximal subgroups is much smaller; it is bounded above by n611+o(1)
(see Corollary 4.5 below). We can therefore say that, in a sense, almost all
maximal subgroups of Sn are the obvious intransitive ones.
Note that the number of conjugacy classes of transitive maximal sub-
groups of Sn which are imprimitive is d(n)&2, where d(n) is the number
of divisors of n. It is well known that d(n)=no(1) (see, for instance, [HW,
Theorem 315]). It therefore remains to enumerate primitive maximal sub-
groups. In 1989 Babai showed that Sn has at most nc log
3 n conjugacy classes
of primitive maximal subgroups [B, Lemma 2.5]. His result, as well as
ours, relies on the Classification of Finite Simple Groups. In fact, using the
O’Nan-Scott Theorem (see [KL, p. 6]), it is easy to derive good bounds
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on the number of classes of primitive maximal subgroups of Sn which are
not almost simple, and so it remains to enumerate almost simple primitive
maximal subgroups of Sn . At this stage we ignore the maximality condi-
tion, and bound the number of conjugacy classes of almost simple primitive
subgroups of Sn (including the non-maximal ones). In other words, given
n, we bound the number of pairs (G, M) such that G is an almost simple
group, and M is an index n maximal subgroup of G (up to conjugacy in
G). This is where the Classification, and the information on the subgroup
structure of finite simple groups, is invoked.
Our enumeration of these pairs (G, M) is carried out in two natural
steps. First, we bound the number of conjugacy classes of index n maximal
subgroups M which a given almost simple group G can have; then we
bound the number of possibilities for G (up to isomorphism).
The second step amounts to enumerating isomorphism classes of
primitive almost simple subgroups of Sn ; we show that the number of such
isomorphism classes is at most (log n)9+o(1) (see Proposition 4.2), hence in
particular is of the form no(1). The main tool in the proof is the derivation
of polynomial expressions for the indices of maximal subgroups of almost
simple groups of Lie type (see Theorem 3.1, which may be of some inde-
pendent interest).
In the first step we estimate the number mn(G) of maximal subgroups of
index n in an almost simple group G, using recent results from [LSe1],
[LSe2], [LiSh2] and [LiSh3] as our main tools. Note that it has recently
been shown in [MSh] that mn(G)n1+78+o(1) for all almost simple
groups G. Here we improve this result, showing that mn(G)n1+611+o(1).
The core of our proof is the enumeration of ‘unknown’ almost simple maxi-
mal subgroups M of G, where G is an exceptional group of Lie type. Writ-
ing M=NG(M0) where M0<G is simple, we have to count the possibilities
for M0 . To do this we use the fact, established in [LiSh3] (see also
[MSW]) that a randomly chosen involution and a randomly chosen addi-
tional element generate any finite simple group M0 with probability =,
where = is some absolute positive constant. Using the existence of such a
generating pair, and counting multiplicities, it follows that the number of
subgroups of G which are isomorphic to M0 is at most =&1(i2(G) |G| )
(i2(M0) |M0 | ), where i2(H) denotes the number of involutions in a group
H. Now, the possibilities for M0 are described in [LSe1], [LSe2], while
the estimates for i2(G), i2(M0) can be found in [LiSh2]. Applying these, we
derive the above mentioned bound on mn(G).
At this stage it follows that an almost simple group has at most n611+o(1)
conjugacy classes of index n maximal subgroups (since each conjugacy
class consists of n subgroups). In other words, each isomorphism type of
primitive almost simple subgroups of Sn splits into at most n611+o(1) Sn -
conjugacy classes. Combining this with the results of the second step we
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conclude that Sn has no(1) .n611+o(1)=n611+o(1) almost simple primitive
subgroups up to conjugacy.
We note that the number of conjugacy classes of primitive (not
necessarily maximal) subgroups of Sn is considerably larger. It can be
shown that this number is bounded above by nc log n for all n, and bounded
below by nc$ log nlog log n for infinitely many values of n [PSh2]. See also
[P], [PSh1] for related results, and for applications of estimates of this
type to subgroup growth of infinite groups.
Our results concerning the number of conjugacy classes of maximal sub-
groups of Sn can be used to answer a particular case of an old question of
G.E. Wall. In his 1961 paper [Wa], Wall showed that the number of maxi-
mal subgroups of a finite soluble group is less than the group order, and
suggested that a similar result might hold for finite groups in general. We
show that this is the case if G is a symmetric (or alternating) group of large
degree. We are grateful to Laci Pyber for drawing our attention to Wall’s
question.
We conclude the introduction by posing some conjectures. The first is a
sharper version of our main result.
Conjecture 1. Sn has no(1) conjugacy classes of primitive maximal sub-
groups.
The results of this paper reduce this conjecture to the assertion that
mn(G)n1+o(1) for all almost simple groups G, as conjectured in [MSh].
While this assertion holds for classical and alternating groups, it is still very
much open for the (large rank) exceptional groups of Lie type.
Conjecture 2. There exists an absolute constant c such that Sn has at
most c isomorphism classes of simple primitive subgroups.
This conjecture has a strong number-theoretic flavour. One is required to
show that, given n, the number of simple groups which have a maximal
subgroup of index n is bounded independently of n. Some particular cases
of this seem interesting in their own right. For instance, can a given
number n be expressed as a binomial coefficient ( mk ) in more than O(1)
ways?
Our notation is rather standard and follows that of [LiSh1], [LiSh2].
All groups considered will be finite. By a simple group we mean a non-
abelian simple group. An almost simple group is a group lying between a
simple group and its automorphism group. The notation A=n(q) (==\)
denotes An(q) if ==+ and 2An(q) if ==&; similarly for types D=n , B
=
2 , G
=
2 ,
F=4 and E
=
6. For two expressions f, g we write ftg if the ratio fg is
bounded between two positive constants (i.e. f =0(g)). Throughout this
paper c, c$, ci , ... denote absolute constants, and p denotes a prime number.
The number of divisors of an integer n is denoted by d(n). The number of
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maximal subgroups of index n in G is denoted by mn(G). We denote the
number of involutions in a group G by i2(G). Finally, log x stands for
log2 x.
2. Counting Maximal Subgroups
In this section we use some recent results from [LSe1, LSe2] and
[LiSh2, LiSh3] in order to enumerate maximal subgroups of given index
in almost simple groups. Our main conclusion (Theorem 2.4) improves
[MSh, Theorem 1 and Lemmas 8-10], which state that, if G is almost
simple, then mn(G)=n1+o(1) provided soc(G) is not of type F4 , E =6 , E7
or E8 , and that in the latter cases we have mn(G)n:+o(1) where :=158,
95, 173103, 53, respectively.
Theorem 2.1. Let G be a finite almost simple group with socle G0 which
is of type F4 , E =6 , E7 , E8 over Fq , where q=p
a, and let M be a maximal sub-
group of G not containing G0 . If M is almost simple let M0 denote its socle.
Then one of the following holds :
(i) M is a known subgroup, belonging to one of boundedly many
conjugacy classes ;
(ii) M is the centralizer of a field automorphism of G0 (there are at
most c .d(a) classes of such automorphisms);
(iii) M is almost simple of bounded order;
(iv) G0$F4(q), p3 and M0$A1(q), A=2(q), B=2(q) or G2(q);
(v) G0$E =6(q), p5 and M0$A1(q), A
$
2(q), B
$
2(q), G
$
2(q), or B3(q);
(vi) G0$E7(q), p7 and M0$A1(q), A=2(q), B
=
2(q), G
=
2(q), or B3(q);
(vii) G0$E8 , p7 and M0$A1(q), A=2(q), B=2(q), G=2(q), B3(q),
A=3(q), C3(q) or B4(q).
Proof. Assume first that M is not almost simple. Such maximal sub-
groups are determined by [LSe1, Theorem 2]. In conclusions (a), (b), (d)
and (e) of this result M falls into boundedly many conjugacy classes, as in
(i). In conclusion (c), M is the centralizer of a field, a graph, or a graph-
field automorphism of G0 ; there are boundedly many classes of graph and
graph-field automorphisms (see [GL, 7.2]), so (i) or (ii) holds.
Now assume M is almost simple, and is not the centralizer of a field
automorphism. Write G0=O p$(G _), where _ is a Frobenius morphism of a
simple algebraic group G over F p of the same type as G0 . According to
[LSe2, Corollary 5], there is a constant c such that either |M|<c, or
M=NG(X _) for some maximal closed connected M(_)-invariant sub-
group X of G. The first case gives (iii), so suppose the latter holds.
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If X is not simple, then it is determined by [LSe1, Theorem 1]; and each
of the conclusions (a)(d) of this result give rise to boundedly many classes
of subgroups N(X _) in G, which we subsume into (i). If X is simple and
p>N(X , G ) (notation from [LSe1, Table I]), then again X is given by
[LSe1, Theorem 1], again giving boundedly many classes in G. Finally,
if X is simple and pN(X , G ), then X _ is a group over Fq , and one of
conclusions (iv)(vii) holds. K
We can now estimate the number of isomorphism types of maximal sub-
groups in exceptional groups of Lie type.
Corollary 2.2. If G is an almost simple exceptional group of Lie type
over Fq , where q=pa, then G has at most c .d(a) isomorphism types of
maximal subgroups.
Proof. This follows from 2.1 for types F4 , E =6 , E7 , E8 (note that for M0
as in (iv)(vii) of 2.1, there are at most c .d(a) isomorphism types of sub-
groups M with socle M0 , since Out(M0) has at most c .d(a) subgroups).
Finally, the result follows for the other types from the known lists of maximal
subgroups in [Co, Kl1, Kl2, Ma, Su]. K
Proposition 2.3. Let G be almost simple of type F4 , E =6 , E7 or E8 over
Fq , and let n1.
(i) G has at most n1+o (1) maximal subgroups of index n satisfying
2.1(i, ii);
(ii) G has at most n1+2752+o (1) maximal subgroups of index n satisfy-
ing 2.1(iii);
(iii) G has at most n1+611+o(1) maximal subgroups of index n satis-
fying 2.1(iv)(vii).
Proof. Part (i) is clear, since there are no (1) classes of maximal sub-
groups of type (i) and (ii), and each conjugacy class of maximal subgroups
of index n contains exactly n subgroups. In the other parts the maximal
subgroups M are almost simple, so it suffices to count their socles M0 (as
M=NG(M0)).
If M is as in 2.1(iii), then |M|<c. By [MSW, Theorem B], M0 is
generated by an involution of G0 and another element of G0 of order at
most c. By the proof of [LiSh3, 3.5], the number of elements of G0 of order
at most c is bounded by c1 |G0 | (k&1)k, where k is the dimension of the sim-
ple algebraic group of the same type as G0 . Moreover, by [LiSh2, 4.3], we
have i2(G0)c2 |G0 |:, where :=713, 2039, 1019, 1631, according as G0
is of type F4 , E =6 , E7 , E8 , respectively. Therefore the number of possibilities
for M0 is at most c3 |G0 |:+(k&1)k, and this is at most c3 |G0 | 1+2752. Part
(ii) follows, since |G0 ||G|c |G :M|=cn.
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Now suppose M is as in 2.1(iv); then G0=F4(q) and M0$A1(q), A=2(q),
B=2(q) or G2(q). If N(M0 , G0) denotes the number of subgroups of G0
isomorphic to M0 , then by [LiSh3, 5.1] (as explained in the introduction
of the present paper), we have
N(M0 , G0)c(i2(G0) |G0 | )(i2(M0) |M0 | ).
By [LiSh2, 4.1 and 4.3], we have i2(G0)tq28, and i2(M0)tq2, q4, q6, q3,
q8, according as M0 is of type A1 , A=2 , B2 ,
2B2 , G2 , respectively; while
|G0 |tq52 and |M0 |tq3, q8, q10, q5, q14, respectively. It follows that
N(M0 , G0)n;+o(1),
where, for the respective possibilities for M0 , we have ;=7549, 6844,
6442, 7247, 5838. The maximum value of ; is 6844=1+611, so part
(iii) follows for G0=F4(q). The other cases are handled in exactly the same
fashion. K
Theorem 2.4. Every finite almost simple group G has at most
n1+611+o (1) maximal subgroups of index n.
Proof. If soc(G) is of type F4 , E =6 , E7 or E8 , this follows from Proposi-
tion 2.3. For the remaining cases, the result is given by Lemmas 810 of
[MSh]. K
3. Indices of Maximal Subgroups: Uniformity in p
Let D(G ) denote the set of degrees of faithful primitive permutation
representations of a finite group G. Thus
D(G)=[ |G :M| : M max G, MG=1].
Let G be an almost simple group with socle Xk( pa) of Lie type of untwisted
rank k over Fpa (where by untwisted rank, we mean the rank of the corre-
sponding simple algebraic group). In the next result we show that, when a
and k are fixed and p varies, the sets D(G ) change ‘uniformly’ with p.
Theorem 3.1. Given any positive integers a, k, there exist m=m(a, k)
and polynomials f1(x), ..., fm(x) # Q[x] such that, if p is any prime, and G is
an almost simple group of Lie type with socle Xk( pa), then
D(G)[ f1( p), ..., fm( p)].
Moreover, we can take m(a, k)ca2k3 log2 k and deg( fi)4ak2 for all i.
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Proof. Note first that given a Lie type Xk of simple groups of rank k,
and a positive integer a, there is a monic polynomial fXk , a(x) # Z[x] of
degree at most 4ak2 such that |Xk( pa)|=(1d) fXk , a( p) for all primes p for
which Xk( pa) exists, where d # Z and 1dk+1 (see [KL, p. 170]). Note
also that |Out(Xk( pa))|=O(ak).
Suppose first that G is almost simple with socle G0 of type F4 , E =6 , E7
or E8 . For maximal subgroups M satisfying 2.1(ii)(vii), the index
|G : M|=|G0 : M & G0 | is one of at most c .d(a) polynomials in p with
rational coefficients, giving the conclusion in these cases (that these are
polynomials rather than just rational functions is clear from the given
structure of M: in 2.1(ii), observe that if b | a then |Xk( pa): Xk( pab)| is a
polynomial in p, while in (iv)(vii), |G0 : M0 | is clearly polynomial, and
|G0 : M & G0 |=|G0 : M0 |e for some e dividing |Out(M0)| ). From the
proof of 2.1, the subgroups M under (i) of 2.1 occur either in the conclu-
sion of [LSe1, Theorem 2], or as fixed point groups (under a Frobenius
morphism) of subgroups in the conclusion of [LSe1, Theorem 1]. It
follows that all subgroups M under (i) satisfy one of the following condi-
tions:
(1) M is parabolic;
(2) |M & G0 | is bounded;
(3) M & G0 contains a subgroup M(q) of bounded index, such that
M(q) is a commuting product of groups of Lie type over Fq and a torus
(usually the torus is trivial); moreover, |G0 : M(q)| is a polynomial in q
with bounded rational coefficients.
The conclusion follows for subgroups M under 2.1(i).
For exceptional groups G not of type F4 , E =6 , E7 or E8 , the result follows
from the known lists of maximal subgroups of G in [Co, Kl1, Kl2, Ma,
Su].
Assume now that soc(G )=Xk( pa) is classical. Write G0=soc(G ) and
q=pa. Let V=Vn(qu) be the natural module for G0 (where u=2 if G is
unitary, u=1 otherwise). Note that n2k+1. If G0=D4(q) then the
maximal subgroups of G are determined in [Kl3]. Otherwise, the main
theorem of [As] provides eight classes Ci (1i8) of subgroups of G,
such that for every maximal subgroup M of G, either
(a) M # Ci for some i, or
(b) M0=soc(M) is a simple group, such that the (projective)
representation of M0 on V is absolutely irreducible and is not realised over
any proper subfield of Fqu .
The conjugacy classes and structures of all subgroups in each class Ci are
given in [KL, Chapter 4]; from this it is easily seen that  Ci contains less
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than cak conjugacy classes of subgroups, and that suitable polynomials
f1(x), ..., fs(x) # Q[x] (scak) exist, such that the conclusion holds for
subgroups M #  Ci .
Now consider subgroups M satisfying condition (b). The smallest dimen-
sion of a nontrivial irreducible projective representation of Am (m9) is
m&2 (see [KL, 5.3.7]). Hence, given n, at most cn alternating or sporadic
groups have an irreducible projective representation of dimension n. There-
fore, if M0 is alternating or sporadic, then |G : M|=|G0 : M & G0 | is one of
at most cn rational polynomials in p of the form |G0 |e, for suitable
integers e. Thus the conclusion holds when M0 is alternating or sporadic.
Now suppose M0$Yl (r), a group of Lie type of untwisted rank l over
Fr , and p does not divide r. By [LaSe], except for a few small groups (of
bounded order), we have n(rl&1)2, and hence rl2n+14k+3. In
particular, llog (4k+3). Given l, there are at most (4k+3)1l choices for
r ; and 1llog(4k+3) (4k+3)1l=O(k). It follows that there are at most ck
choices for M0 in this case (up to isomorphism). Given M0 , the number of
possibilities for |M| is bounded by |Out(M0)|. Moreover, |Out(M0)|
cl log rc$ log k. Consequently the number of possibilities for |M| (when p
varies) is at most c"k log k. Thus |G: M| is one of at most c" k log k
rational polynomials in p of the form |G0 |e, for suitable integers e. The
conclusion follows for this case.
Finally, suppose M0$Yl (r), where p | r. As in [KL, 9 5.4], define
Rp(M0) to be the smallest dimension of a faithful projective F pM0 -module.
Also, when Yl is one of the types 2Al , 2Dl , 2E6 or 3D4 , let {0 be the restric-
tion to M0 of a graph automorphism of order 2, 2, 2 or 3 (respectively) of
the corresponding untwisted group, and denote by R{0p (M0) the smallest
dimension of a faithful projective F pM0-module A such that A$A{0.
Lower bounds for Rp(M0) and R{0p (M0) are given by [KL, 5.4.8, 5.4.12,
5.4.13]. By [KL, 5.4.6 and 5.4.7], there is a positive integer v such that one
of the following holds:
(i) Yl is an untwisted type, or a Suzuki or Ree type, r=(qu)v and
nRp(M0)v;
(ii) Yl is one of the types 2Al , 2Dl , 2E6 , 3D4 , r=(qu)v and
n(R{0p (M0))
v;
(iii) Yl is one of the types 2Al , 2Dl , 2E6 , 3D4 , r=(qu)va (where a=2,
2, 2, 3 for the respective types), and n(Rp(M0))v.
Now l2k, by [KL, 5.2.12]. As there are at most log n choices for v,
there are at most ck log k choices for M0 . It is straightforward to see that,
given v and a type Yl , in each of cases (i)(iii) above, the index |G : M|=
|G0 : M & G0 |=df (q), where f (x) is a polynomial with rational coefficients
independent of q, and d=ab with a, b positive integers and a|Out(G0)|,
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b|Out(M0)|. Moreover, |Out(G0)| . |Out(M0)|ca2k2vc$a2k2 log k.
The result follows. K
4. Applications to Symmetric Groups
Lemma 4.1. Let S be a finite simple group. Then there are at most
|Out(S)| 3 almost simple groups with socle S (up to isomorphism).
Proof. We claim that every subgroup of Out(S) can be generated by
three elements, from which the result is immediate. When S is alternating
or sporadic, |Out(S)|4, so the claim is clear in these cases.
So assume now that S is of Lie type. The structure of Out(S) is given in
[St, 99 10, 11]. If S{Dn(q) (n4), then Out(S) has a series 1 IN1 I
N2 IOut(S) with each factor group cyclic, from which the claim is
obvious. And if S=Dn(q) (n4, q=pa), then Out(S)S4_Ca , and the
claim follows as every subgroup of S4 is 2-generator. K
Proposition 4.2. Sn has at most (log n)9+o(1) almost simple primitive
subgroups up to isomorphism.
Proof. Let GSn be an almost simple primitive subgroup, and let
G0=soc(G ).
Suppose first that G0 is a group of Lie type, say G0=Xk ( pa). By
Theorem 3.1 we have D(G )[ f1( p), ..., fm( p)] where mca2k3 log2 k.
Since n # D(G ) there exists im such that n=fi ( p). Now, each equation
fi (x)=n has at most deg fi4ak2 roots. So given k, a there are at most
4ak2mc$a3k5 log2 k choices for p.
Now, the minimal degree of a nontrivial permutation representation of
G0 is at least cpak (see [KL, 5.2.2 and 5.3.9]), so ncpak and aklog n
(up to a constant, which can be ignored). Hence the number of choices for
(a, k, p) is bounded by
:
aklog n
c$a3k5 log2 k :
aklog n
c$(log n)5 (log log n)2
 :
aklog n
c$(log n)5+o(1).
In order to bound the right hand side, note that b :=ak can be chosen in
log n ways, and given b there are d(b)=bo(1)=(log n)o(1) possibilities for
a, k. The number of summands on the right hand side is therefore bounded
above by (log n)1+o(1), and so
:
aklog n
(log n)5+o(1)(log n)6+o(1).
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It follows that the number of possibilities for G0 is at most (log n)6+o(1);
and given G0 , the number of choices for G is at most |Out(G0)|3, by
Lemma 4.1. Since |Out(Xk( pa))|cakc log n, the result follows in this
case.
Now suppose G0=Ak for some k. Let H<Ak be a point-stabilizer in the
action of G0=Ak on [1, ..., n]. If H is intransitive then n=( kl ) for some
lk2, and there are at most log n choices for (k, l ) (as llog n and l
determines k). So suppose H is transitive. Then n=|Ak : H|2k2 (see
[Wi, 14.2]), so k2log n. Altogether we see that there are at most 3 log n
choices for k, hence for G0 , in this case and the proof is complete. K
Corolary 4.3. Sn has at most n611+o(1) conjugacy classes of primitive
almost simple subgroups.
Proof. Let GSn be such a subgroup. By Proposition 4.2, the
isomorphism type of G can be chosen in no(1) ways. Now fix an
isomorphism type for G. By Theorem 2.4, G has at most n611+o(1) con-
jugacy classes of maximal subgroups, and this bounds the number of
Sn -conjugacy classes of primitive subgroups isomorphic to G in Sn . The
result follows. K
We can now prove the main result of this paper.
Theorem 4.4 Sn has at most n611+o(1) conjugacy classes of primitive
maximal subgroups.
Proof. Let GSn be such a subgroup. We apply the O’Nan-Scott
theorem in the version [KL, p. 6], according to which all primitive
maximal subgroups of Sn are of affine type, diagonal type, product type or
almost simple type.
First, it is clear that there is at most one class of affine type maximal sub-
groups, since such a subgroup is the normalizer in Sn of an elementary
abelian group in its regular action.
Diagonal type maximal subgroups are of the form NSn(T
k), where T is
a simple group, k2 and T k is acting on the cosets of a diagonal subgroup
isomorphic to T (so n=|T |k&1). Moreover, different choices of diagonal
subgroup give conjugate subgroups T k of Sn (see [LPS, p. 393]); hence the
number of conjugacy classes of diagonal type maximal subgroups of Sn is
at most the number of pairs (T, k), where T is simple and n=|T |k&1. We
claim that this number is at most 2: for if (S, l ) is another such pair, then
|T |k&1=|S| l&1, and hence by [KLST, 6.1], |T |= |S| and k=l; and also
by [KLST, 5.1], up to isomorphism the number of simple groups of a
given order is at most 2.
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Maximal subgroups of product type are of the form G=Sk " Sl in the
product action (so n=kl); there are at most log n choices for G up to
conjugacy.
The remaining maximal subgroups are almost simple, and these are dealt
with in the previous result. K
Since Sn has d(n)&2=no(1) conjugacy classes of transitive imprimitive
maximal subgroups, it follows that the number of classes of transitive
maximal subgroups of Sn is also bounded above by n611+o(1).
Corollary 4.5. Sn has at most [n2]+n611+o(1) conjugacy classes of
maximal subgroups. In particular, the number of conjugacy classes of maxi-
mal subgroups of Sn is of the form (12+o(1))n.
Proof. This follows from the preceding remark and the fact that Sn has
[n2] conjugacy classes of intransitive maximal subgroups. K
We conclude the paper with another consequence of Theorem 4.4.
Corollary 4.6. Sn has at most n ! n&511+o(1) maximal subgroups. In
particular, if n is large, then the number of maximal subgroups of Sn is
strictly less than n!.
Proof. Clearly, Sn has 2n&1 intransitive maximal subgroups, so it
remains to count the transitive maximal subgroups. By the remark follow-
ing Theorem 4.4, these subgroups split into at most n611+o(1) conjugacy
classes. Clearly, each transitive maximal subgroup of Sn has order at least
n, and so it has no more than (n&1)! conjugates. We conclude that Sn
has at most (n&1)! n611+o(1) transitive maximal subgroups. The result
follows. K
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